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Abstract
Let f be a real-valued function defined on a nonempty subset S of an algebra A over a
field F, either R or C, so thatS is closed under scalar multiplication. Such f shall be called a
subnorm onS if f .a/ > 0 for all 0 =D a 2S, and f .a/ D jjf .a/ for all a 2S and  2 F.
If in addition, S is closed under raising to powers, and f .am/ D f .a/m for all a 2S and
m D 1; 2; 3; : : : ; then f shall be called a submodulus. Further, a subnorm f shall be called stable
if there exists a constant  > 0 so that f .am/ 6 f .a/m for all a 2S and m D 1; 2; 3; : : :
Our primary purpose in this paper is to study stability properties of continuous subnorms on
subsets of finite dimensional algebras. If f is a subnorm on such a setS, and g is a continuous
submodulus on the same set, then our main results state that g is unique, f .am/1=m ! g.a/
as m ! 1, and f is stable if and only if it majorizes g. In particular, if f is a subnorm on a
subset S of Fnn, the algebra of n  n matrices over F, and if S has the above properties
but no nilpotent elements, then we show that f is stable if and only if it is spectrally dominant,
i.e., f .A/ > .A/ for all A 2S, where  is the spectral radius. Part of the paper is devoted
to norms on algebras, where the above findings hold almost verbatim. We illustrate our results
by discussing certain subnorms on matrix algebras, as well as on the complex numbers, the
quaternions, and the octaves, where these number systems are viewed as algebras over the
reals. © 2000 Elsevier Science Inc. All rights reserved.
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1. Subnorms and submoduli
Let f be a real-valued function defined on a nonempty subsetS of an algebraA
over a field F, either R or C. Let S be closed under scalar multiplication, so that
a 2S and  2 F implies a 2S. We shall call f a subnorm onS if for all a 2S
and  2 F,
f .a/ > 0; a =D 0;
f .a/ D jjf .a/:
If in addition,S is closed under raising to powers, i.e., a 2S and m D 1; 2; 3; : : :
implies am 2S, and if
f .am/ D f .a/m for all a 2S and m D 1; 2; 3; : : : ;
then f shall be called a submodulus function (or simply, a submodulus).
For example, consider Fnn, the algebra of n  n matrices over F. Then for each
fixed p, 0 < p 6 1,
jApj 
0
@X
i;j
jij jp
1
A
1=p
; A D .ij / 2 Fnn; (1.1)
is a subnorm on Fnn.
Since , the spectral radius, vanishes on nilpotent matrices,  is not a subnorm
on Fnn. It is, however, a subnorm, in fact a submodulus, on important classes of
matrices, such as the set of all n  n normal matrices in Fnn.
Following familiar terminology for norms, e.g. [2], we shall call a subnorm f on
S stable if for some positive constant  ,
f .am/ 6 f .a/m for all a 2S and m D 1; 2; 3; : : :
Given an integer m > 2, we shall say that a subnorm f is m-bounded if
f .am/ 6 f .a/m for all a 2S:
With these definitions, we go on to present two elementary lemmas, whose proofs
are provided for completeness. We remark that a subnorm f on a subsetS of a finite
dimensional algebraA shall be called continuous if it is continuous with respect to
the (unique) finite dimensional norm-topology onA.
Lemma 1.1. LetA be a finite dimensional algebra over F, and letS, a nonempty
closed subset ofA, be closed under scalar multiplication. Let f and g be continuous
subnorms onS. Then f and g are equivalent, i.e., there exist constants  > 0;  > 0,
for which
g.a/ 6 f .a/ 6 g.a/; a 2 S:
M. Goldberg, W.A.J. Luxemburg / Linear Algebra and its Applications 307 (2000) 89–101 91
Proof. Let N be a norm onA, and consider the positive constants
  min

f .a/
g.a/
V a 2S; N.a/ D 1

;
  max

f .a/
g.a/
V a 2S; N.a/ D 1

:
Then for any 0 =D a 2S,
f .a/
g.a/
D f

a
N.a/

g

a
N.a/
 n> ;
6 ;
and the lemma follows. 
Lemma 1.2. LetA,S and f be as in Lemma 1.1. LetS be closed under raising to
powers, and let g be a continuous submodulus onS. Then
f .am/1=m−−−−!
m!1 g.a/ for all a 2S: (1.2)
Proof. By Lemma 2.1, there exist constants,  > 0,  > 0, such that
g.a/ 6 f .a/ 6 g.a/; a 2 S:
So for all a 2S and m D 1; 2; 3; : : : we have
1=mg.a/ D 1=mg.am/1=m 6 f .am/1=m 6 1=mg.am/1=m D 1=mg.a/;
and taking limits, we get (1.2). 
From Lemma 1.2 we obtain:
Corollary 1.1. Let A and S be as in Lemma 1.2, and let g be a continuous sub-
modulus onS. Then g is unique.
Proof. Let h be a submodulus onS. Then by Lemma 1.2, for all a 2 S,
g.am/1=m−−−−!
m!1 g.a/ and g.a
m/1=m−−−−!
m!1 h.a/I
so h D g. 
We are now ready to record:
Theorem 1.1. LetA,S, f and g be as in Lemma 1.2. Then:
(a) f is stable if and only if it majorizes g, i.e.,
f .a/ > g.a/ f or all a 2S: (1.3)
(b) If f is m-bounded for some m > 2, then f is stable.
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Proof. (a) By Lemma 1.2,
f .am/1=m−−−−!
m!1 g.a/; a 2 S: (1.4)
Now, if f is stable, then
f .am/1=m 6  1=mf .a/ for all a 2S and m D 1; 2; 3; : : :
So letting m tend to infinity, (1.3) follows by (1.4).
Conversely, if (1.3) holds, then by Lemma 1.1, there exists a constant  > 0,
satisfying
g.a/ 6 f .a/ 6 g.a/; a 2S:
Hence, for all a 2S and m D 1; 2; 3; : : : ;
f .am/ 6 g.am/ D g.a/m 6 f .a/m;
and f is stable.
(b) By the hypothesis,
f .am
i
/ 6 f .a/mi for all a 2S and i D 1; 2; 3; : : :
Thus, by Lemma 1.2,
f .a/ > f .ami /1=mi −−−−!
i!1 g.a/; a 2S;
and the proof is complete. 
Theorem 1.1(a) implies, of course:
Corollary 1.2. If g is a continuous submodulus on S, a closed nonempty subset
of a finite dimensional algebra A, then g is the smallest of all stable, continuous
subnorms onS.
The rest of this section will be devoted to subnorms on sets of matrices.
Theorem 1.2. LetS, a nonempty subset of Fnn, be closed under raising to powers
and scalar multiplication.
(a) IfS has nonzero nilpotent elements, thenS has no submodulus.
(b) IfS has no nonzero nilpotent elements, then , the spectral radius, is a submod-
ulus onS.
(c) If S has no nonzero nilpotent elements and S is closed, then  is the only
continuous submodulus onS.
Proof. Let S contain a nilpotent element A0 =D 0, and suppose g is a submodulus
on S. Since A0 =D 0, we have g.A0/ > 0. At the same time, there exists a positive
integer k so that g.Ak0/ D 0; thus,
0 D g.Ak0/ D g.A0/k > 0;
a contradiction.
M. Goldberg, W.A.J. Luxemburg / Linear Algebra and its Applications 307 (2000) 89–101 93
Conversely, ifS has no nonzero nilpotent elements, then
.A/ > 0 for all 0 =D A 2 SI
so evidently,  is a submodulus onS.
Finally, since  is continuous, if S is closed, uniqueness follows by Corollary
1.1. 
An immediate consequence of part (a) of the theorem is:
Corollary 1.3. Fnn has no submodulus.
Dealing with matrices, we follow well-known nomenclature and call a subnorm f
on a subsetS of Fnn spectrally dominant if f majorizes the spectral radius, that is,
f .A/ > .A/ for all A 2 S:
Hence, Theorems 1.1 and 1.2 yield:
Theorem 1.3. LetS, a nonempty closed subset of Fnn, contain no nonzero nilpo-
tent elements, and letS be closed under raising to powers and scalar multiplication.
Let f be a continuous subnorm onS. Then:
(a) f is stable if and only if it is spectrally dominant onS.
(b) If f is m-bounded for some fixed m > 2, then f is stable.
To illustrate Theorem 1.3(a), let us return to the subnorm j  jp in (1.1) with n > 2.
Consider the closed setS of all n  n normal matrices over F. Clearly,S is closed
under raising to powers and scalar multiplication.
Now (e.g., [6, Theorem 1]),
jAj2 > kAk2 for all A 2 Fnn;
where
kAk2  maxfjAxj2 V x 2 Cn; jxj2 D 1g
is the spectral norm on Fnn. Further, we recall that j  jp is a monotone decreasing
function of p, 0 < p 6 1. Hence,
jAjp > kAk2 > .A/ for all 0 < p 6 2 and A 2 Fnn:
On the other hand, for 2 < p 6 1, En, the n  n normal matrix all of whose entries
equal 1, yields
jEnjp D n2=p < n D .En/:
Whence, by Theorem 1.3(a), j  jp is stable onS if and only if 0 < p 6 2.
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2. Stable norms
As usual, a real-valued function N on an algebraA over a field F, either the reals
or the complex numbers, is a norm if for all a; b 2A and  2 F,
N.a/ > 0; a =D 0;
N.a/ D jjN.a/;
N.a C b/ 6 N.a/ C N.b/I
that is, a norm is a subadditive subnorm.
Just as for subnorms, N will be stable if for some constant  > 0,
N.am/ 6 N.a/m for all a 2A and m D 1; 2; 3; : : : I (2.1)
and m-bounded if for some fixed integer m > 2,
N.am/ 6 N.a/m for all a 2A:
We shall say that N is strongly stable if (2.1) holds for  D 1, i.e., if and only if
N is m-bounded for all m D 1; 2; 3; : : :
Since a norm onA is a continuous function, Lemma 1.1 merely reminds us that
any two norms on a finite dimensional algebra are equivalent. Most of our other
observations in Section 1 do shed new light on the behavior of norms, and we restate
them as follows:
Theorem 2.1. Let N be a norm on a finite dimensional algebraA over F, and let g
be a continuous submodulus onA. Then:
(a) N.am/1=m−−−−!
m!1 g.a/ for all a 2A:
(b) N is stable if and only if it majorizs g.
(c) If N is m-bounded for some m > 2, then N is stable.
We emphasize that the submodulus g in Theorem 2.1 need not be a norm. If a
submodulus g is a norm and if in addition it is strictly multiplicative, i.e.,
g.ab/ D g.a/g.b/ for all a; b 2A;
then we call g a modulus function (or simply, a modulus) onA.
In [3] we studied norms on the complex numbers
C D fz D  C i V ;  2 Rg
and on the quaternions
H D fq D  C i C jγ C k V ; ; γ;  2 Rg; i2 D j2 D k2 D ijk D −1;
with the standard moduli
jzj D
q
2 C 2; z D  C i 2 C; (2.2)
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and
jqj D
q
2 C 2 C γ 2 C 2; q D  C i C jγ C k 2 H; (2.3)
respectively.
Regarding both number systems as algebras over the reals, our main findings
were the following:
Theorem 2.2. Let N be a norm on either C or H. Then:
(a) [3, Theorems 2.1 and 3.1]. N is stable if and only if it majorizes the correspond-
ing modulus function.
(b) [3, Theorems 2.2 and 3.2]. If N is m-bounded for some m > 2, then N is stable.
From Theorem 2.2(a) we concluded in [3] that the modulus function is the small-
est of all stable norms on either C or H. This observation, however, as well as The-
orem 2.2 itself, follow at once from Theorem 2.1. In fact, by Theorem 1.1, Theorem
2.2 holds when N is merely a continuous subnorm. Hence, the modulus functions
in (2.2) and (2.3) are the smallest of all stable continuous subnorms on C and H,
respectively.
As shown in Theorems 2.3 and 3.3 of [3], the converse of Theorem 2.2(b) is false,
i.e., given a fixed integer m > 2, there exist stable norms on C and H which fail to
be m-bounded. It followed that not all stable norms on either C or H are strongly
stable.
With the complex numbers and the quaternions in the bag, we proceed to consider
the octaves (i.e., the Cayley numbers)
O D fc D γ1 C e2γ2 C    C e8γ8 V γi 2 Rg;
with their elaborate multiplication rule, e.g. [7, Section 36]. Here,
jcj D
q
γ 21 C    C γ 28 ; c D γ1 C e2γ2 C    C e8γ8 2 O; (2.4)
is the modulus function, a fact that stems from the renowned Eight Square Theorem,
[4], which implies that
jcdj D jcj  jdj for all c; d 2 O:
As in the case of C and H, for this eight-dimensional algebra over the reals,
Theorem 1.1 yields:
Theorem 2.3. Let f be a continuous subnorm on O. Then:
(a) f is stable if and only if it majorizes the modulus function (2.4).
(b) If f is m-bounded for some m > 2, then f is stable.
In [3, Section 4] we gave Theorem 2.2 a matrix-theoretical meaning. We began
by considering the well-known mapping
z ! Az;
which associates with each complex number z D  C i the 2  2 real matrix
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Az D

 
− 

:
Indeed, as
z C w!Az C Aw; zw!AzAw for all z;w 2 C and ;  2 R; (2.5a)
we may identify C with the two-dimensional matrix algebra over the reals,
A2.R/ 

Az D

 
− 

V z D  C i 2 C

:
With this, a norm N on C becomes a norm onA2.R/ (and vice versa) by writing
N.Az/ D N.z/ for z 2 C:
Moreover, N will be stable or m-bounded on C, if and only if it will be so onA2.R/.
Now, the eigenvalues of any
Az D

 
− 

inA2.R/ are   i, so the spectral radius satisfies
.Az/ D
q
2 C 2 D jzj for all z D  C i 2 C: (2.5b)
Thus Theorem 2.2 may take for C the following matrix-theoretical form:
Theorem 2.4 T3, Theorem 4.1U.
(a) Let N be a norm onA2.R/. Then N is stable if and only if it is spectrally domi-
nant.
(b) If N, a norm onA2.R/, is m-bounded for some m > 2, then N is stable.
Just as in the case of the complex numbers, we recall that H is isomorphic to the
four-dimensional real matrix-algebra
A4.R/ 
8>><
>>:
Aq D
0
BB@
 − −γ −
  − γ
γ   −
 −γ  
1
CCA V q   C i C jγ C k 2 H
9>>=
>>;
;
so that
p C q !Ap C Aq; pq !ApAq for all p; q 2 H and ;  2 R; (2.6a)
and such that a norm N on H becomes a norm onA4.R/ by putting
N.Aq/ D N.q/; q 2 H:
Since for q D  C i C jγ C k 2 H, the eigenvalues of Aq are  
i
p
2 C γ 2 C 2 (each with multiplicity 2), we get
.Aq/ D
q
2 C 2 C γ 2 C 2 D jqj; q 2A4.R/; (2.6b)
so Theorem 2.2 can be restated for H to read:
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Theorem 2.5 T3, Theorem 4.2U.
(a) Let N be a norm onA4.R/. Then, N is stable if and only if it is spectrally domi-
nant.
(b) If N, a norm onA4.R/, is m-bounded for some m > 2, then N is stable.
Surely, by Theorem 1.1, Theorems 2.4 and 2.5 hold when N is a mere subnorm.
In view of (2.5) and (2.6), we also obtain:
Theorem 2.6. The spectral radius is a modulus on bothA2.R/ andA4.R/.
Other thanA2.R/,A4.R/, the class of scalar matrices, and the class of triangular
matrices whose diagonal part is scalar, we are unaware of other matrix algebras on
which  is a modulus.
In concluding this section, we remark that Theorems 2.4 and 2.5 have no analog
for the octaves; for O, being as it is a nonassociative algebra, may not be isomorphic
to a subalgebra of either R88 or C44.
3. Weighted sup and l1 norms on C
To further illustrate Theorem 2.2(a), let w D .u; v/ be a fixed vector of positive
entries and consider the associated weighted sup norm
kzkw;1 D maxfujRe zj; vjIm zjg; z 2 C: (3.1)
For this norm we can prove:
Theorem 3.1. k  kw;1 in (3.1) is stable on C if and only if
u2v2 > u2 C v2: (3.2)
Proof. By Theorem 2.2(a), k  kw;1 is stable if and only if
maxfujj; vjjg >
q
2 C 2 for all ;  2 R:
Thus stability holds if and only if
max
n
u22; v22
o
> 2 C 2; ;  2 R; 2 C 2 D 1;
i.e., precisely when
max
n
u22; v2.1 − 2/
o
> 1 for all 0 6  6 1:
Now, a straightforward calculation yields
max
0661
n
u22; v2.1 − 2/
o
D u
2v2
u2 C v2 :
So k  kw;1 is stable if and only if (3.2) holds. 
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Given a fixed 2  2 matrix W D .wij / with positive entries, we may consider the
weighted sup norm on C22, the algebra 2  2 complex matrices,
kAkW;1 D max
i;j
wij jij j; A D .ij / 2 C22:
Evidently, k  kw;1 in (3.1) can be written as a weighted sup norm onA2.R/ with
W D

u v
v u

: (3.3)
Hence,
kAzkW;1 D maxfujRe zj; vjIm zjg D kzkw;1 for all z 2 C;
so Theorem 4.1 can be rephrased as follows:
Theorem 3.2. Let W be the matrix in (3.3). Then k  kW;1 is stable on A2.R/ if
and only if (3.2) holds.
We remark that condition (3.2) is not strong enough to assure stability of k  kW;1
on C22. Indeed, take u D v D p2 so that
W D p2

1 1
1 1

;
and (3.2) holds. For this W and for E2, the 2  2 matrix all of whose entries are 1,
we get
kE2kW;1 D
p
2 < 2 D .E2/:
Hence k  kW;1 is not stable on C22, as can be verified either directly by employing
E2, or by appealing to the noted Friedland–Zenger theorem [5] which states that a
norm N on Cnn is stable if and only if it is spectrally dominant.
A more elaborate illustration of Theorem 2.2(a) is obtained by considering the
weighted l1 norm
kzkw;1 D ujRe zj C vjIm zj; z 2 C; (3.4)
when as before, w D .u; v/ is a 2-vector of positive entries.
We prove:
Theorem 3.3. k  kw;1 in (3.4) is stable on C if and only if
u > 1; v > 1: (3.5)
Proof. Let (3.5) hold. Then for arbitrary z D  C i 2 C,
kzkw;1 D ujj C vjj > jj C jj >
q
2 C 2 D jzj;
so k  kw;1 is stable on C by Theorem 2.1(a).
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Conversely, suppose k  kw;1 is stable. Then by Theorem 2.2(a), k  kw;1 majorizes
the modulus function, i.e.,
ujj C vjj >
q
2 C 2; ;  2 R:
Now, for  D 1;  D 0; (3.2) yields u > 1, and for  D 0;  D 1, we get v > 1;
hence the theorem follows. 
In order to state our next result, we recall that a norm N on an algebra A is
submultiplicative if
N.ab/ 6 N.a/N.b/ for all a; b 2A:
Further, e.g. [2], N shall be called quadrative if
N.a2/ 6 N.a/2 for all a 2A:
We thus state:
Theorem 3.4. Let k  kw;1 be the weighted l1 norm in (3.4). Then the following are
equivalent:
(a) k  kw;1 is submultiplicative on C.
(b) k  kw;1 is strongly stable on C.
(c) k  kw;1 is quadrative on C.
(d) v2 > u > 1.
Proof. Clearly, (a) implies (b) and (b) implies (c). Assume (c). Then
k12kw;1 6 k1k2w;1 and k.iv/2kw;1 6 kivk2w;1
yield 1 6 u and u 6 v2, so (d) follows.
Finally, assume (d) and let us prove (a). Select arbitrary complex numbers,
z D  C i; z0 D 0 C i 0:
Then
kzkw;1kz0kw;1 D.ujj C vjj/.uj0j C vj 0j/
Du2j0j C v2j 0j C uv.j 0j C j0j/
>uj0j C uj 0j C v.j 0j C j0j/
>uj0 −  0j C vj 0 C 0j D kzz0kw;1;
and we are done. 
Theorems 3.3 and 3.4 imply that for u > v2 > 1, k  kw;1 is stable on C but not
strongly stable, not even quadrative.
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For a fixed 2  2 matrix W D .wij / with positive entries, let
kAkW;1 D
2X
i;jD1
wij jij j; A D .ij /;
be the W-weighted l1 norm on C22.
As in the case of the sup norms, k  kw;1 in (3.4) can be written as a W-weighted
l1 norm onA2.R/ with
W D 1
2

u v
v u

: (3.6)
Thus
kAzkW;1 D kzkw;1 for all z 2 C;
so Theorems 3.3 and 3.4 may take the following form.
Theorem 3.5. For W in (3.6), k  kW;1 is stable on A2.R/ if and only if u > 1,
v > 1.
Theorem 3.6. Let W be the matrix in (3.6). Then the following are equivalent:
(a) k  kW;1 is submultiplicative onA2.R/.
(b) k  kW;1 is strongly stable onA2.R/.
(c) k  kW;1 is quadrative onA2.R/.
(d) v2 > u > 1.
According to Corollary 1.1 in [1], if W is an arbitrary 2  2 weight matrix, then
k  kW;1 is multiplicative on C22 if and only if
wikwkj > wij for all i; j; k 2 f1; 2g;
i.e., precisely when
w12w21 > w11 > 1; w12w21 > w22 > 1: (3.7)
Similarly, Theorem 2.2 in [3] tells us that k  kW;1 is quadrative on C22 if and
only if
w11 > 1; w22 > 1; 4w12w21 > w11 C w22: (3.8)
An elementary calculation reveals that for W in (3.6), conditions (3.7) and (3.8)
coincide, reducing to v2 > u > 1. Consequently, we get:
Theorem 3.7. For the weight matrix in (3.6), the following are equivalent:
(a) k  kW;1 is submultiplicative on C22.
(b) k  kW;1 is strongly stable on C22.
(c) k  kW;1 is quadrative on C22.
(d) v2 > u > 1.
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In face of the matching statements in Theorems 3.6 and 3.7, it would be natural
to conjecture that for W in (3.6), k  kW;1 is stable on C22 under the same condition
it is stable onA2.R/, that is, by Theorem 3.5, if and only if,
u > 1; v > 1:
Now, if this conjecture were true, then by the Friedland–Zenger theorem we
would have
kAkW;1 > .A/ for all A 2 C22;
when
W D 1
2

u u
u u

; 1 6 u < 2:
For such W, and for
A D

 0
0 1

;  >
u
2 − u;
we obtain, however,
kAkW;1 D u. C 1/2 <  D .A/;
and the conjecture is shattered.
We note that the above example cannot be extended to u > 2, as for such u,
k  kW;1 is submultiplicative on C22 by (3.7).
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